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Phylogenetic Inference

DNA sequences
Mouse CTCGTATCCCTTGTAACTCCGTCCCACTCCTTTTAT

Elephant CTCATAGCACTTGTAACTCCGTCCCACGCCTTTTCT

Human CTCGTATCCCTTGTAACTCCGTCCCACTCCTTTTTT

Pig CTCCTAGCACTTGTAACTCCGTCCCACCCCTTTTGT

?
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Phylogenetic Inference
Tree search algorithms
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Phylogenetic Inference
Tree search algorithms

T1

T2

T3

T4

T5

T6

T7

T8

6



Phylogenetic trees

Problem: There are (2n − 3)!! trees on n leaves

n Number of trees

4 15
5 105
6 945
7 10395

. . .
50 2.752921 · 1076

7



Phylogenetic trees

a1 a2 a3 a4 a5 a6 a7 a8
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NNI – Nearest Neighbour Interchange
Definition 1
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NNI – Nearest Neighbour Interchange
Definition 2
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NNI – Nearest Neighbour Interchange
Definition 2
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NNI – Nearest Neighbour Interchange
Definition 2
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SPR - Subtree Prune and Regraft

a1 a2 a3 a4 a5 a6 a7 a1 a2 a3 a4 a5 a6 a7

a4 a5a1 a2 a3a6 a7

a8a8

a8
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Complexity
NNI

NNI-DIST:

INSTANCE: A pair of trees T and R
FIND: Distance between T and R in NNI

I NP-hard

I BUT: fixed-parameter tractable (FPT)

FPT:
Parameter k such that problem is solvable in O(f (k) ∗ nO(1))

⇒ efficiently solvable for small k
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Complexity
NNI

NNI-DIST:

INSTANCE: A pair of trees T and R
FIND: Distance between T and R in NNI

I NP-hard

I BUT: fixed-parameter tractable (FPT):

distance computable in O(2
21k

2 ∗ n) where d(T ,R) ≤ k
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Complexity
NNI

NNI-DIST:

INSTANCE: A pair of trees T and R
FIND: Distance between T and R in NNI

I NP-hard

I BUT: fixed-parameter tractable (FPT):

I Approximation algorithm: ratio O(log(n))

20



Complexity
NNI - Cluster Property

T R

sort

merge split

sort

1 2 n n+ 1 2n2n− 1 σ1 σ2 σn
σn+1 σ2nσ2n−1
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Complexity
SPR

SPR-DIST:

INSTANCE: A pair of trees T and R
FIND: Distance between T and R in SPR

I NP-hard

I BUT: fixed-parameter tractable (FPT)

distance computable in O(2.42k ∗ k + n3) where d(T ,R) ≤ k
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Complexity
SPR

SPR-DIST:

INSTANCE: A pair of trees T and R
FIND: Distance between T and R in SPR

I NP-hard

I BUT: fixed-parameter tractable (FPT)

distance computable in O(2.42k ∗ k + n3) where d(T ,R) ≤ k
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Complexity

Is there a different parameter that makes NNI-DIST easier?
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Parameterising NNI

a1 a2 a3 a4 a5 a6 a7 a8

a1 a2 a3 a4 a5 a6 a7 a8

a1 a2 a3a4 a5 a6 a7 a8

NNI

NNI
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Parameterising NNI
Ranked trees
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Parameterising NNI – RNNI(ρ)
Ranked trees
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Parameterising NNI – RNNI(ρ)
Complexity

RNNI(ρ)-SP:

INSTANCE: A pair of trees T and R
FIND: A path of minimal weight between T and R in RNNI(ρ)

I RNNI(0)-SP is NP-hard

a1 a2 a3 a4 a5 a6 a7 a8

a1 a2 a3 a4 a5 a6a7a8 a1 a2 a3 a4 a5 a6a7a8

a1 a2 a3 a4 a5 a6 a7 a8

0

4 ∗ 0

1

27



Parameterising NNI – RNNI(ρ)
Complexity

RNNI(ρ)-SP:

INSTANCE: A pair of trees T and R
FIND: A path of minimal weight between T and R in RNNI(ρ)

I RNNI(0)-SP is NP-hard

a1 a2 a3 a4 a5 a6 a7 a8

a1 a2 a3 a4 a5 a6a7a8 a1 a2 a3 a4 a5 a6a7a8

a1 a2 a3 a4 a5 a6 a7 a8

0

4 ∗ 0

1

27



Parameterising NNI – RNNI(ρ)
Complexity

RNNI(ρ)-SP:

INSTANCE: A pair of trees T and R
FIND: A path of minimal weight between T and R in RNNI(ρ)

I RNNI(0)-SP is NP-hard

I RNNI(ρ)-SP is NP-hard for 0 < ρ < 1
∆(RNNI)
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Parameterising NNI – RNNI(ρ)
Complexity

RNNI(ρ)-SP:
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I RNNI(0)-SP is NP-hard

I RNNI(ρ)-SP is NP-hard for small ρ > 0

I RNNI(1)-SP is

polynomial
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RNNI(1)

a1 a2 a3 a4 a5 a1 a2 a3 a4 a5 a3 a4 a1 a2 a5
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RNNI

a1 a2 a3 a4 a5 a1 a2 a3 a4 a5 a3 a4 a1 a2 a5

a3 a4 a2 a1 a5

I Diameter (n−1)(n−2)
2

I Radius (n−1)(n−2)
2

I The set of caterpillar trees is convex
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RNNI

I Diameter (n−1)(n−2)
2

I Radius (n−1)(n−2)
2

I The set of caterpillar trees is convex

RT

a1 a2 a3 a4 a5 a6 a7 a1 a2 a3a4 a5 a6 a7
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RNNI

I Diameter (n−1)(n−2)
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FindPath
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FindPath

I Greedy algorithm for approximating RNNI(1)-SP

I Running time O(n2)

I Shortest paths for up to 7 leaves
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FindPath

Theorem
FindPath computes shortest paths in RNNI.

Idea for proof

FP(T ,R) := path between T and R computed by FindPath

Lemma
If for all trees T , R and neighbour T ′ of T it is

|FP(T ′,R)| ≥ |FP(T ,R)| − 1

,then
|FP(T ,R)| = d(T ,R)

for all trees T and R

36
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FindPath

RNNI(ρ)-SP:

INSTANCE: A pair of trees T and R
FIND: A path of minimal weight between T and R in RNNI(ρ)

I RNNI(0)-SP is NP-hard

I RNNI(ρ)-SP is NP-hard for small ρ > 0

I RNNI(1)-SP is polynomial

0 1

NP P
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RNNI(ρ) for ρ > 1

FindPath does not work:

1 2 3 4 3 4 1 2

1 2 3 4 3 4 1 2

3 41 21 23 4

1 ρ 1
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RNNI(ρ) for ρ > 1

RNNI(ρ)-SP:

INSTANCE: A pair of trees T and R
FIND: A path of minimal weight between T and R in RNNI(ρ)

I RNNI(0)-SP is NP-hard

I RNNI(ρ)-SP is NP-hard for small ρ > 0

I RNNI(1)-SP is polynomial

0 1

NP P

⇒ What about RNNI(ρ)-SP for other values of ρ?
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Thank you
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